Abstract. We show that if G is a finite group with triality S and L is the corresponding Moufang loop with P 1 ; P 2 A Syl p ðLÞ for a 'Sylow prime' p then there exist p-subgroups Q 1 ; Q 2 c G that are conjugate in G such that Q i is invariant under S and P i is the corresponding Moufang loop for i A f1; 2g. If L is simple, or if 3 does not divide jLj, then the elements of fGðPÞ c G j P A Syl p ðLÞg are conjugate in G and can be permuted transitively by C G ðSÞ, hence jSyl p ðLÞj divides jC G ðSÞj.
Introduction
The notion of a Moufang loop is the generalization of the notion of a group that arises when the associative law is replaced by the identity ðxyÞðzxÞ ¼ xðð yzÞxÞ. Let p be a prime. Moufang loops of finite p-power order are called p-loops. It was first proven by Glauberman and Wright in [8] and [9] that a finite Moufang loop is a p-loop if and only if every element in the loop has order a power of p. If a p-subloop of a finite Moufang loop L has order the highest power of p dividing the order of L then the subloop is called a Sylow p-subloop of L.
It was proven by Glauberman in [8] that if L is a finite Moufang loop of odd order then every p-subloop of L is contained in some Sylow p-subloop of L. We also know from Kinyon and Kunen [12] that the Sylow theorems hold for finite extra loops. These are loops that satisfy the identity ððxyÞzÞx ¼ xðyðzxÞÞ which are examples of Moufang loops. It has also been shown in [5] that Sylow's theorems, with the possible exception of the conjugacy assertion, hold in finite Moufang loops for the prime p ¼ 2.
A prime p is said to be a Sylow prime for a finite Moufang loop L if
for all q for which L has a composition factor isomorphic to the Paige loop PðqÞ. It has been proven by Grishkov and Zavarnitsine in [11] that if p is a Sylow prime for a finite Moufang loop L then L contains a Sylow p-subloop. Moreover, from [6] , if p is a Sylow prime for a finite Moufang loop L then any p-subloop of L is contained in a Sylow p-subloop of L. Since Sylow's theorems hold for certain types of finite Moufang loops, and the existence theorem holds for all finite Moufang loops L and Sylow primes for L, questions arise about the cardinality of Syl p ðLÞ. In this paper we try to get a better understanding of Syl p ðLÞ when p is a Sylow prime for L and when the cardinality of Syl p ðLÞ does not necessarily divide jLj. For example, if L is the Paige loop Pð2Þ then jLj ¼ 120 whereas jSyl 3 ðLÞj ¼ 28. We shall look at a triality group of L, say G, which is invariant under S ¼ hs; ri and see how the elements of C G ðSÞ permute the elements of fGðPÞ c G j P A Syl p ðLÞg. Here, GðPÞ is a triality group of P which will be introduced in Section 3. It turns out that if either L is simple or 3 F jLj then fGðPÞ c G j P A Syl p ðLÞg is permuted transitively by C G ðSÞ, and it then follows immediately that jSyl p ðLÞj divides jC G ðSÞj. From the definition one can see that every group is a Moufang loop. Even with the lack of associativity Moufang loops still capture many properties that hold for groups. A loop is said to be diassociative if any two of its elements generate a group. It was proven by Moufang [14] that every Moufang loop is diassociative. It has also been proven, in [7] and [10] , that Lagrange's theorem holds not only for groups but also for Moufang loops.
Moufang loops
An important example of a Moufang loop L can be created from a group G by letting u be an element that is not in G and letting L ¼ G U Gu; we extend the binary operation from G to L as follows:
for any elements g 1 ; g 2 A G. Moufang loops of this type, of order 2jGj, were discovered by Chein [2] and are usually called Chein loops. Here we will denote the above loop by M 2n ðG; 2Þ where n ¼ jGj. One can see that M 2n ðG; 2Þ is a group if and only if G is abelian. One should also note that jguj ¼ 2 for all g A G.
Another example of a Moufang loop can be constructed using Zorn vector matrices. Let C be the following set of matrices over an arbitrary field F :
Here C is an algebra where addition and multiplication are defined by
whereũ u Áṽ v andũ u Âṽ v are the usual dot product and cross product. With the quadratic form
C is a split octonion algebra, and x A C is invertible if and only if qðxÞ 0 0. One can show that, under multiplication, C satisfies the Moufang identities. Therefore, the set of all invertible elements of C, sometimes called the general linear loop and denoted by GLLðF Þ, is a Moufang loop. The loop GLLðF Þ contains a subloop SLLðF Þ, namely the special linear loop, consisting of all elements of norm 1. If F is a finite field F q then the Paige loop PðqÞ is the quotient PSLLðqÞ ¼ SLLðqÞ=fGI g of order
Liebeck [13] classified all of the finite simple non-associative Moufang loops, by showing that these are precisely the finite Paige loops PðqÞ ¼ SLLðqÞ=fGI g. A subspace of a split octonion algebra is called a hexagon line if it is a totally singular 2-space, which is orthogonal to I , such that the multiplication is zero. A hexagonic structure contains points and lines where any two points can be joined by a path containing at most three lines and there do not exist any n-gons with n ¼ 2; 3; 4; 5. For an octonion algebra C we define a point to be a singular 1-space, P, with P 2 ¼ 0. We say that a point P is incident to a hexagon line E if P H E. This induces a hexagonic structure which we call a generalized hexagon. Details of this construction can be found in [15] . We will define permutations RðxÞ and LðxÞ for an arbitrary loop L in the following way: 
Groups with triality
Here we show the correspondence between Moufang loops and groups with triality. . If G is a group with triality S ¼ hs; ri and L ¼ f½g; s j g A Gg then, from [3] and [10] , L is a Moufang loop associated with G under the binary operation
It was shown by Doro [3] that for any Moufang loop L there exists a group G with triality S such that L is the corresponding Moufang loop. However, such a group is not necessarily unique. Suppose that G is a group with triality S where L is the corresponding Moufang loop. If L 1 is a subloop of L then, from [7] and [10] , there is a subgroup
of G, which is also invariant under S, such that L 1 is the Moufang loop associated with the triality group GðL 1 Þ. 
A L and
Proof. For any x A C G ðsÞ and g A L we get
Proof. Let M be the largest p-subgroup of GðL 1 Þ which is invariant under 
A HnM where x A C G ðsÞ and g A L. Since
g is contained in M and therefore g
we have
Hence, H ¼ hx; Mi is a triality group. This contradicts the maximality of jMj.
Case 2. Suppose that there exists an element
c GðL 1 Þ is a p-subgroup which is invariant under S. This contradicts the maximality of jMj.
Therefore, GðL 1 Þ is a p-group. r Lemma 3.6. Let G be a group with triality S ¼ hs; ri and L the corresponding Mou-
Proof. Since x and GðL 1 Þ are invariant under S, GðL 1 Þ x is invariant under S and is therefore a group with triality S. From [3] , there is a unique Moufang loop
The case when 3 does not divide SLS
In this section we look at triality groups whose corresponding Moufang loops have order prime to 3.
Lemma 4.1. Let G be a group with triality S ¼ hs; ri. If x A C G ðsÞ then for any integer n
Proof. Since 
and
So for every integer n, 
Therefore, GðP 1 Þ y ¼ hP 
Àr lies in C G ðSÞ and therefore maps subgroups of G with triality S to subgroups of G with triality S. Moreover, for any h A L, 
If L is a finite simple group whose order is divisible by 3 and P 1 ; P 2 A Syl p ðLÞ then there exists an element y A C G ðSÞ such that GðP 1 Þ y ¼ GðP 2 Þ.
Proof. Since 3 j jLj and L is simple, the elements of order 3 in L generate L. Thus, by Sylow's theorem for groups, there exists an element that can be written as a product of elements of order 3 and that maps P 1 to P 2 . Hence, by Lemma 5.1, there exists an element y A C G ðSÞ such that
We shall now look at the finite simple Moufang loops that are non-associative.
Then A has order 3 if and only if its trace trðAÞ is À1.
Proof. This is easy to see ifṽ v ¼ 0 ¼ũ u. Suppose that eitherṽ v 0 0 orũ u 0 0. Thus Proof. Without loss we may assume that
where their common point is
Such a vector exists since E 1 0 E 2 . By Lemma 5.3, the elements
are in SLLðF Þ and their orders are both 3.
for all a; b; c; d A F . Hence, there exist elements X 1 ; X 2 A SLLðF Þ of order 3 such that with multiplication zero form a hexagonic structure. r Lemma 5.6. If E 1 ; E 2 H C are hexagon lines then there exist elements X 1 ; . . . ; X n A SLLðF Þ of order 3 such that E 1 TðX 1 Þ . . . TðX n Þ ¼ E 2 . :
Proof. Suppose that E is a hexagon line that is not in
So without loss we may assume that
Hence, the result immediately follows from Lemma 5.5. r
We now examine the Sylow p-subloops of the Paige loops PðqÞ where p is a Sylow prime for PðqÞ. By definition, p is a Sylow prime for PðqÞ if and only if p j qðq 2 À 1Þ.
Definition 5.7. The stabilizer of a subspace U of a split octonion algebra C is the subspace Stab C ðUÞ ¼ fx A C j xu A U for all u A Ug.
Let H be an additive subgroup of an octonion algebra C such that fh À 1 j h A Hg is contained in a hexagon line of C. Also, let Q be a subalgebra of C that is contained in the stabilizer of fh À 1 j h A Hg. The product Q H is defined to be the algebra with underlying set fðx; hÞ j x A Q; h A Hg and the binary operation ðx; gÞð y; hÞ ¼ ðxy; 1 þ xðh À 1Þ þ ðg À 1ÞyÞ. If Q is a quaternion subalgebra and E ¼ fh À 1 j h A Hg is a hexagon line then Stab C ðEÞ ¼ Q H. More details on this operation can be found in [4] . Proposition 5.8. Let G be a finite group with triality S ¼ hs; ri where PðqÞ is the corresponding Moufang loop. Suppose that p is a prime that divides q. If P 1 ; P 2 A Syl p ðPðqÞÞ then there exists an element a A C G ðSÞ such that GðP 1 Þ a ¼ GðP 2 Þ.
If ðy; hÞ A T 2 then T contains ð y; hÞ À1 ðx; h 1 Þð y; hÞ ¼ ðy À1 ; Àh þ 2I Þðx; h 1 Þð y; hÞ
and so y À1 xy A hxi. Since y A N Q Ã ðhxiÞ, hxi A Syl p ðQ Ã Þ, and jyj divides p, we have y A hxi. Thus T 2 ¼ hðx; h 1 Þ; ðx k ; hÞi ¼ hðx; h 1 Þ; ð1; h 2 Þi for some h 2 A H. Similarly, there is some h 3 A H such that
From this we conclude that P 0 3 ¼ hx 1 ; E 2 þ I i and P 0 2 ¼ hx 2 ; E 2 þ I i for some x 1 ; x 2 A Q Ã . If q 0 2 and q 0 3 then PSL 2 ðqÞ is simple and therefore every element of PSL 2 ðqÞ can be written as a product of elements of order 3. Since PSL 2 ð3Þ G A 4 , every element of PSL 2 ð3Þ can be written as a product of elements of order 3. When q ¼ 2, PSL 2 ðqÞ G S 3 and therefore any two Sylow 2-subgroups of PSL 2 ð2Þ are conjugate by some element of order 3. From this we can conclude that there are elements Proof. Let E 1 and E 2 be hexagon lines in
From Lemma 5:5 there exist elements X 1 ; . . . ; X n ; Y 1 ; . . . ; Y m A SLLðF Þ of order 3 such that
and Proof. Let P
1 Þ is of dimension 2, we can find a quaternion subalgebra Q 1 of C such that
Likewise, let Q 2 be a quaternion subalgebra of C such that A question that arises at this point is whether or not C GðLÞ ðSÞ permutes the elements of fGðPÞ c GðLÞ j P A Syl p ðLÞg transitively for any finite Moufang loop L isomorphic to all of its isotopes and any Sylow prime p of L.
